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Abstract 
This work addresses the problem of identifying the feedback ratios in a buck converter with pulse width modulation and an inert 
output filter, with the ultimate goal of minimizing the duration of the transient processes. Feedback ratios in buck converters with 
pulse width modulation are conveniently adjustable using linear approximation for the neighborhood of the steady-state operating 
conditions. In the presence of an inert output filter or large input ripple, however, a pulse width modulator operates in saturation 
mode for a prolonged period of time (with a duty cycle of 0 or 1), which leads to losses in the estimated performance and to 
slowing down the transient processes. The solution we offer implies introducing a ‘fictional under-frequency’ of a pulse width 
modulator in order to calculate the feedback ratios separately for the transient process and, upon completion of the transient 
process, using the feedback ratios calculated for the base pulse width modulator frequency of conversion. 
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1. Introduction 
Buck converter outputs often contain a large filter capacitor which both decreases the ripple caused by the 
impulse nature of the converter’s operation and accumulates high energy in order to improve stability of load current 
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supply in case of major input voltage oscillation. The presence of a large output capacitance presents specific 
problems, for example at start-up. These problems include a delay in transient response and a significant overshoot. 
Feedback ratios in buck converters with pulse width modulation are conveniently adjustable using a linear 
approximation model in the neighborhood of the steady-state operating conditions. This is covered in such work as 
[1] and [2], among others, and this method will be employed further in the numerical studies. However, in the 
presence of an output filter and large input ripple, a pulse width modulator (PWM) operates in saturation mode for a 
prolonged period of time, which leads to losses in the converter’s estimated performance. The problem of overshoot 
is often resolved by using a fade-in setting voltage [3]; however, this leads to delay in transient response (this is 
technically a quasi-steady-state mode) as well as to dynamic instability of such process in case of attempts to speed it 
up, for example see [3] again. 
2. Minimizing the duration of the transient process 
The main concept of minimizing the duration of the transient processes offered in this paper is based on 
introducing the ‘fictional under-frequency’ of conversion. Thus, for example, for the start at zero initial conditions 
the PWM operates for several periods in saturation mode, with several duty cycles of one and then a duty cycle of 
zero, which is equivalent to operating at a certain under-frequency of conversion. One can calculate feedback ratios 
for this frequency, which will be different from the ones used in the neighborhood of the steady-state mode. Further, 
the work presents the substitution circuit and the simulation model. To calculate the fictional conversion frequency 
the term ‘control range’ is introduced; the control range depends on the conversion frequency. Knowing this 
dependence lets us calculate the frequency at which the control area would be sufficient. The theoretical 
performance limit is estimated. Numerical studies are conducted, and the results are analyzed. 
 
 
Fig.1. (a) buck converter with feedback by capacitor’s voltage and capacitor’s current; (b) pulse forming principles 
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The circuit (Figure 1a) and the simulation model are the same as in [4]: 
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B , and t is time. The function ( , )fK tX  takes two 
values: 1 when the key K is in the top position and 0 when it is in the bottom position. It conforms to the following 
principles of impulse formation: in one PWM time period we can only generate one impulse; the impulse can only 
start in the beginning of the period (Figure 1b). The PWM period equals a. The parameter values are the same as in 
[4]: {R=10.6 Ohm, RL=100 Ohm, β=0.01, E0=1040 V, C=1-100μF, Up=10V, a=10-4 s, α>0, β2>0}. The feedback 
ratios of α, β2 and the output capacitance C will vary in the course of numerous experiments. 
The system (1) at 1fK =  and 0fK =  is linear, and has established analytical solutions: 
 
0( )1 0( ) ( ( ) )
t t
Kf S St e t t⋅ −= = − − +AX X X X , ( )0 ( ) comt tKf t e ⋅ −= = AX X ,    (2) 
 
where tcom is a moment of commutation. Appending these solutions to the period of PWM operation results in the 
following: 
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where z is the relative impulse duration in the kth interval of z (duty cycle), z=t/a-floor(t/a), 0<=z<=1, corresponding 
to the time period of the model t=z*a+k*a. 
In the PWM without saturation modes at the duty cycle of 0 1z< < , the commutation emerges when the 
difference in voltages at the comparator input is equal to zero. The equations for the voltage at the comparator input 
to determine the rising edge are: 
 
2 2 1 2( ) α ( ( ) ( )) , ( ) ( ) ( )/ ,y C P C Lz U x z i z U z i z x z x z Rξ = ⋅ −β −β ⋅ − ⋅ = −    (5) 
 
where α is the proportional compensating element gain factor, and β2 is the feedback ratio by capacitor current. 
PWM mode with saturation of z=0 takes place when (0) 0ξ ≤ , i.e., the comparator voltage doesn't allow generation 
of a pulse; the mode of z=1 takes place when ( ) 0, [0...1],z zξ > ∀ ∈  i.e., the comparator doesn't trigger throughout 
the entire interval. 
Next let’s limit the work to the Poincare sequences research (3). Assuming Xk=Xk-1=Xc, we can identify the 
steady-state mode of (3) as  
 ( ) ( )1(1 ) (1 ) ( )c ca z a zc S SE e e−⋅ − ⋅ −= − − +A AX X X .      (6) 
 
The average output voltage Uout (Uout=500 V) does not depend on the filter parameters and is equal to 
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which allows easy calculation of zc for (6). 
The optimal speed algorithm for control adjustment of small ripple is described in [1], and its software 
implementation is available online [2]. Not being able to present the entire research, we limit ourselves to describing 
the general concept.  
The term of a perturbed solution k c kX X= +ε  is introduced, where εk is perturbation, and then a linear 
approximation is conducted in the neighborhood of the steady-state conditions. As a result, we obtain the equation 
of relative perturbation, 
1k kF −ε = ⋅ε ,          (7) 
where F is a fundamental matrix.  Its eigenvalues, roots of equation det( ) 0F E−ρ = , depend on both feedback 
ratios. The lower the multipliers, the shorter the duration of a transient process at (7), therefore minimization of the 
duration requires solving the following system: 
 
{ 1 22 2( ( , )) 0( ( , )) 0FFρ α β =ρ α β =          (8) 
 
When the solution is identified, despite the fact that the matrix and each of its components are non-zero, its 
product with itself equals zero. This corresponds to the minimal duration of a transient process and equals 2*a. 
 
Fig.2. Transient processes with optimally small feedback ratios for (a) a non-inert filter (С=1 μF), and (b) an inert filter (С=100 μF) 
Figure 2 shows two transient processes (with optimally-small speed parameters). It is clear that the transient 
process for non-inert operation (С=1 μF) progresses quickly and without overshoot, whereas the process with inert 
filter (С=100 μF) results in significant overshoot and delay in transient response, while at the same time the PWM is 
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in saturation mode most of the time. The unsatisfactory quality of the transient process with an inert filter can be 
explained by the low value of control area, and it can be estimated by the presence of the saturation mode at control. 
Let us introduce the term of control area, the set of points R X∈X  of the state area – initial conditions, which let us 
achieve Xc in two periods. (Two periods is the minimal duration of a transient process.) Accounting for (3) we can 
calculate 
 
2 2 1 1(1 ) (1 )( ( ( ) ) )a z a z a z a zc S S S SRe e e e
⋅ − ⋅ ⋅ ⋅ − ⋅ ⋅= − + − +A A A AX X X X X X , 
 
and from there 
 
( ) 2 2 112 (1 ) (1 )1 2( , ) ( ( ( ) ) )a a z a z a zc S S S SR z z e X e e e
−⋅ ⋅ − ⋅ ⋅ ⋅ −= + − + −A A A AX X X X X     (9) 
 
Any value pair of z1,z2 being substituted into (9) in the range of 0<z1<1, 0<z2<1 will return a point within a 
control area, and to simulate the boundary points of this area z1 should be fixed at 0 and z2 varied in the rage [0..1], 
and then z1 should be fixed at 1 and z2 varied in the range [0..1]; then fix z2 at 0 and at 1 while varying z1 in [0..1]. 
These manipulations result in four curves that confine the control areas (Figure 3). Any point within the area will 
conform to the control law and all the points outside the range will include at least one period of saturation. To 
achieve the steady-state Xc from the area outside the curved area in two PWM periods or less does not appear 
possible. Thus, the control law based on the linear approximation model is not active outside the marked area. 
 
Fig.3. Control areas for various values of filter capacitor. 
This figure illustrates the fact that the size of the area quickly shrinks as the capacitance of the filter increases. 
Looking at the transient process graph in Figure 2 one can assume that the PWM functions, but at multiples of a 
frequency. Therefore the control can be adjusted for this specific frequency we named 'fictional', because the 
estimated set of ratios will be used at the base frequency of the converter. The method described in [1] allows 
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calculating a set of feedback ratios for a selectable frequency. However, this brings about a problem of identifying 
the frequency. We found the following empirical criterion: 
  
 a(ffict) – b(ffict)=Xs,  
 
i.e., the necessary condition is that the value of area projection at the UC axis equals the width of the range. Another 
variant considered is flashover down the lower voltage b(ffict)=0, i.e., the control area has to start at the zero initial 
conditions, but it proved to be slightly less accurate. The fictional frequency corresponds to the multiplier of the 
period kfict, ffict=1/(a*kfict). The values of kfict for various capacitances C are presented in Table 1. 
To achieve the required voltage most rapidly at the capacitor, the inductor current has to be driven by force and 
then the turn-off point found for which, at the end of capacitor charge, the choke current would have lowered to the 
steady state. Any additional commutation will apparently slow down the capacitor charge. Therefore the minimized 
duration of the transient time from zero initial conditions will include only two periods. To identify the theoretical 
minimum of a transient process duration from the zero initial conditions we substitute X0=0 into (1) and require the 
pulse of duration τ1 and a pause of τ2; the values of state variables would be equal to Xc 
 
( )2 1c Se E e⋅τ ⋅τ= −A AX X          (10) 
 
The result is a system of two transcendental equations with two unknown durations τ1 and τ2. Unfortunately, the 
equation (10) is a nonlinear system and its solution requires using iterative methods, with no guarantee of 
convergence. We acknowledge the attempts to create optimal controls with a built-in solver (8); however, these have 
a number of associated problems: the expression (10) is unsuitable for periodical actions as it requires knowledge of 
the precise parameters of conversion as well as the instantaneous values of state variables (in case of arbitrary initial 
conditions), and, as has been noted, the process of identifying τ1,2 is iterative. In what follows we will be using the 
solutions identified with (10) to estimate the quality of end results. The solutions (10) are presented in Table 1. 
Since the method based on calculating the feedback ratios also claims to be optimal, we can expect that the end 
results obtained via various methods – equations (10) and (8) – will agree. 
3. Numerical studies 
In the course of the studies the buck converter will first operate with the initial set of feedback ratios calculated 
for the transient process ( )1 12α ,β  and then, upon achieving the required value of voltage, will switch to the second 
set calculated for the steady-state process ( )2 22α ,β . The benchmark for the finish of the transient process is 
/ 0.1%c cX X X− < . 
Table 1. The results of transient process durations and feedback ratios depending on the filter capacitance 
С, 
μF 
 
τ1/a τ2/a tmin/a kfict ( )1 12α ,β  ( )2 22α ,β  T1/a  
T2/a tsw/a T/a (T-tmin)/ tmin, % (T2-T) /T, 
% 
1 7.00 0.97 7.97 1.287 20.843, 0.744 32.007, 0.644 10 10 9 10 25.5 0 
10 9.925 7.103 17.02 5.68 7.967, 0.463 244.121, 0.095 36 38 18 21 23.4 80 
100 29.03 21.67 50.7 19.86 5.788, 0.186 2377, 9.901*10-3 127 226 56 68 34.1 232 
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The results of transient process durations and feedback ratios depending on the capacitor value are presented in 
Table 1. In the table τ1 and τ2 are the roots of equation (10); tmin=τ1+τ2 is the minimum transient period for a process 
starting at zero initial conditions, T1 is the transient period for a process only with ratios ( )1 12α ,β  and T2 with 
ratios ( )2 22α ,β ; tsw is the time at which the ratios should be switched from set 1 to set 2; T is the transient process 
time duration achieved by switching between the sets of feedback ratios. The second-to-last column describes 
efficiency as a percentage of the maximum achievable efficiency. The last column describes efficiency as a 
percentage of the efficiency of control achieved without switching between sets of ratios. Data presented in the last 
column demonstrate that switching between sets of feedback ratios offers no advantage when using a non-inert 
filter. The duration of transient periods for capacitance C=10 μF is reduced nearly twice, and for C=100 μF it is 
reduced by over three times. This is illustrated in Figure 4. 
 
 
Fig.4. Transient processes for capacitance C=10μF (a) and C=100μF (b); 1 is only with ratios , 2 is controlled while switching between 
sets of ratios 
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Fig.5. Range of transient processes resulting from arbitrary initial conditions 
Figure 5 demonstrates transient processes for arbitrary initial conditions controlled while switching between sets 
of ratios. The figure shows that the duration of transient processes demonstrates virtually no dependence on initial 
conditions. This is the key advantage of the approach proposed, as opposed to the approach based on (10), where τ1 
and τ2 would have to be calculated for each set of initial conditions using the iterative method, and the resulting 
advantage of about 30% is not sufficient. 
4. Conclusion 
This paper demonstrates that the control range without saturation decreases progressively as the filter becomes 
more inert, and proposes a method for its quantitative estimation. Transient processes in the inert filter converter in 
general are not properly controlled, therefore the control range has to be increased in order to shorten the transient 
processes and to reduce the transient overshoot, which can be done by reducing the PWM frequency and using the 
appropriate set of feedback ratios. The paper demonstrates that it is sufficient to change the feedback ratio without 
changing the conversion frequency, and calculation of such ratios should be reasonably based on the assumption that 
the frequency will be an under-frequency. Hardware implementation is convenient for converters with adaptive self-
adjusting feedback ratios [1] based on microprocessors. 
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